
AD—A067 716 TEXAS * AND M (RaY COLLEGE STATION DEPT Off AEROSPACE—ETC F/S 1/3 N.
DEFINE AND STUDY FREE BALLOON DESIGN PROBLEMS. (U)
NOV 7e 4 L RAND F19628—76—C—0fl2

UNCLASSIFIED TAMRF—3332—3 AFSL—TR—75—O295 NL
—

O’d z T !

END
____________ _________________________ ____________ ____________ ____________ FILUL 0

6 79

I

3



1•0 
~_________ 

Ii , 1315 ~H 2 2
I.

3.5
4 ff 2.01•1.

~JJ1.8• 1111125 ~~ ~~.



t;.

r >-
~~~. ~~~

LU
~~~~~~~~~~~~~~~~~~~ ;~•

Cu ,



0

V 

. -

V 

- 

- -

- 
V

.
~~~~

- 
~~

-
. . 

V



—~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~
_ _  _ _  -

IInt- 1acc~fi~d
SECURITY CLASS PICAtI ON OF Tw u~ D43~ (1P~.u 0.. &uf.r.d)

~~~~~ REPORT DOCU~~~b 1TATI~ 1~ PACE READ INSI’RUCT!ONS

~~~~~~~~ 

___________ 

-u • ~~ BEFORE COMPLETING FORM
I. ~go i.I DEFI 2. GOVT ACCESSION NO. I ~~tc,o r N r S  CATALOG NUNRIR

_Af T~~~-~295( 
_ _ _ _ _ _ _ _ _ _ _4 y ? ~~FF ‘~‘r 

Y & u u J I r ? ~~~D COvEAEq

~~~~~~~~~~~ 
) 

Define and Study Free Balloon Design Problem~~7 
( 1 Jan~~6t ’31 Au~a OR~ Iti g o~~u FOR NU

______________-- t’1~~ f F _ ~~
I9_

~~~1. AUTHO~(.) S~ ..~MIA..,. .— _ . . .1i. NuMSCR(.)

V 

James L/R~~ i
/ 

~~
~~. FERFORMIN ORGANIZATION NAM E AND ADDRESS P .LEM N .‘ JEC I . TASK

Texas A&M University A PEk A W0RK UNIT NUNSERS V
Department of Aerospace Eng ineering 

~~~~ 
L66~~~

A
~ ~~ ~~7

II. CONTROLLING OFFI CE NAME AND ADORESS ~Z. ..~ EPo~ T D A t•~A ir Force Geophysics Laboratory ,—~7 ~~~ 
— 781

V Hanscom AFB , Mass. 01731 
~3 NuMU!R OF~~AGtS

Contract Monitor, James F. Dwyer/LCB 36
14. MONIIORING AGENCY MANE & AODRE$S(lI duf .,..u. from Ccnfv.tlhil Ofile.) IS. SECURITY CLASS. (of Out. r.portj —

~~II~I~ I7 Unclassified
I IS.. DECLASSIF,CAT,ON /OOWN GRAD ING

SCH EDU I.E

91. DISTRIIUTION STATEMENT (of Oil. Ropors)

Approval for public release, distribution unlimited .

17. DISIRISUTION STATEMENT (of ho ab.fracf .nt.r.d In Block 20. II d lf f ., n1 1Mm R.porf)

IS. SUPPLENE. tA NY NOTES

14 KEY WORDS (Cinllnu. on to,., .. .ld. If n•c.u• y ~~d l ds nf t f y  by block nomb.t)

Balloons Stress Analysis
Scientif ic Balloons Balloon Materials
Structural Design Thin Films

Material Testing

4STRACT (Conthm. iii ,...t .. .1 do ft n.c..onuy id tdsnttt)’ by block n t b r )

The results of a two year effort to define and study problems associated
~1th the design of scientific balloons are sunmarized. These results Inc lude:
~he development of a design program including material deformation; an analysisrogram for use in off-design configurations; unlaxial and biaxial constant
sate testing; uniaxial creep testing; and uniaxial material characterization.
In addition, the need for further investigation is elaborated.

DO 
~~~~~ 

1473 (DITION OP I NOV II IS OSSOt.ITE Unclassified 

~~~~~~~ 
.27~

7
-

~ ~~~~~~~~~~~ 

- ~~V ~~~~~~~ 
l~~~ E1ul~~.

5 

~~~~~

a ~~~~~~~~~~~~~ - V V V -~~



ACKNOWLEDGEMENTS

The author would like to acknowledge Mr. J. F. Dwyer and the Air
Force Geophysics Laboratory for their support of this work. In
addition , the assistance throughout this project of the students and
faculty of both the Aerospace and Civil Engineering Departments is
greatfully appreciated.

~s.~ dI 0
0

~~~ ~-~~-

V~~~~~ • • 

.—
. 

V 

b

t 

V 

•

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~~~~~~~~~~
-
~~~~

- V-  
j—.-. .. — ____—. V .-—



V TABLE OF CONTENTS

Ac (cnowledgements 3

Table Of Contents 5 V

Introduction 7
Diaphragm Analysis 8

Design Procedure 10

Balloon Stress Analysis 11

Film Characterization 13

Laboratory Testing 15

Further Investigation 17

References 19 
V

Appendix A - Personnel 21

Appendix B - Publ ications and Presentations 23
Appendix C - Diaphragm Analysis 25

b

-5-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Introduction

In an effort to assist the scientific ballooning coninunity, the

Texas Engineering Experiment Station has been engaged in a two year

program to define and study probl ems associated with the design of free

balloons. This work was prompted by the observation that no significant

changes have beer made in the ~~s ic~n procedure of free balloons in the

last decade while at the same time increases in payload and altitude

capabilities were such that the growth potential of these systems

appeared to be limited . Therefore, a strong engineer ing effort was
mounted to identify the technological voids and to attempt to fill those

areas considered necessary to advance the state-of-the-art.

The nature of this program was such that both analytic and exper-

Imental studies were necessary. The interdiscipl inary approach involved

three members of the professional staff supported by a number of students,

clerical and technical personnel. A list of those who contributed to

this program is contained in Appendix A of this report.

The problems identified by this study were twofold. The shape and

stress distributions in a typical balloon disign did not include the

effects of load tape stiffness, material deformation or lobing . The

results of this study have been adequately documented in Scientific

Report No. 1. The characterization of balloon films was found to be

• lacking and required an extensive experimental study of frequently

used balloon materials. The results of this study have been documented

In Scientific Report No. 2.

A number øf national presentations and publications have been

generated under the sponsorship of this program. A complete l ist of these
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is contained in Appendix B of this report. The purpose of this report

is to suinnarize the significant results of this program and document

in detail only those items which have not been previously published.

Diaphragm Analys is V

In order to properly evaluate biaxial test data obtained from

circular diaphragm testing devices, an analysis of the test was considered

appropriate. Since deformations are quite large relative to the film

thickness, large deformation, non-linear theory was required. A brief

review of the literature indicated that a modified Ritz procedure would

be adequate for the five inch radius circular , axisyninetric membrane 
V

testing device used by the Mechanics and Materials Laboratory. The

procedure, adequately described in Appendix C, assumes that the material

is incompressible and can be characterized by a Mooney strain-energy

density function, and that the shape is described by assumed position

functions instead of the usual , small deformation, displacement functions.

Results were obtained for one mil Stratofilm0 which was modeled as a

neo-Hookean material with the correct uniaxial modulus at room temperature.

The stresses, strains and shape of the diaphragm were computed for

pressure differentials from .05 to .5 psi with the following results:

a. The shape of the deformed surface is “nominally” spherical.

Visual Inspection of the shape will not reveal the inherent

departure from spherical shape and only precision measurements

will detect this departure.

b. The strains predicted by assuming a spherical shape are

relatively good estimates of the meridional strain. However,

j . the clrcuinferentl4l strain Is zero at the edge restraint and

& 
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I
equal to the meridional strain only at the center.

c. The meridional stresses predicted by assuming a spherical

shape are lower than those computed by 10 to 15 percent

depending on the pressure. In addition , the meridional
stress is not constant, as is normally assumed, but varies

by more than 25 percent along the radius.

d. The circumferential stress is equal to the meridional stress

only In a smal l region near the center of the diaphragm.

This stress then decreases by more than 60 percent at the

edge restraint.

e. Results have been obta ined for relatively small deformations

and the error is seen to increase with bubble height. It is

concluded that the errors inherent in assum ing a spher ica l

shape will become even worse as the material yields .

f. Failure of the diaphragm away from the center indicates an V

inplane failure mechanism due to the difference in principal

stresses. This would be characterized as an “in-plane ” shear

failure even though the “through-plane ” shear stress is

higher at the center.

In addition, a correction factor has been developed for use by

laboratory personnel which will allow the estimation of the biaxial

stress present at the center of the diaphragm. However, thi s correction

is based on the assumption that the membrane material is Isotropic in

the plane of the diaphragm and should not be used if there are

significant differences in the uniaxial modu lii in the machine and

transverse directions.

-9-
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I~esign Procedure

The design of free balloons for scientific application has received

the attention of many investigators over the years. The wel l documented

shape and stress calculations of Smalley (1,2) represented the state-of-

the-art and was the starting point for the present study. The purpose

of this study was to analyze the assumptions that are necessarily made

in the des ign process in order to assess the impact of these assumptions
on the final design product. V

V 
In order to obtain a more realistic estimate of the state of stress,

V the design equations were rederived in a manner to take into account the

effects of load tape stiffness and film modulus. This was accomplished

by making the usual assumptions regarding syninetry and prescribing a

desired circumferential stress. In addition , it was assumed that both

tape and film were linearly elastic and the meridional strain in both

tape and film were equal . The details of this derivation are included

in Scientific Report No. 1 (Appendix B).

The significant result of this procedure is a more realistic estimate

of the meridional stress distribution due to the presence of the load

tapes. This stress is considerably less than that predicted from the

tapeless assumption and always remains finite . The difference in the

meridional forces between the two procedures is a measure of the force

carried by the load tapes.

This design procedure was used to identify the effects of the number

of load tapes and film thickness on the final balloon size by Keese in

his paper, “Zero Pressure Balloon Design” (Appendix B). Although his

conclus ions may have been premature, his approach appears to be the first
documented attempt to utilize stress analysis as a decision parameter V

-10-
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in the shape design process.

Ba l loon Stress Analys is

The stress analysis of a flexi bl e structure is significantly differ-

ent from the design problem . Once the balloon has been manufactured, the

available material at each gore position is fixed and the solution should

be obtained as a boundary value problem rather than as an initial value

problem . In addition , the simplifying assumptions of zero circumferential

stress and a surface of revolution should not be made since it is suspected

that thi s will significantly alter the state of stress.

In order to obtain a realistic state of stress a load transfer

mechanism has been proposed which wil l permit the transfer of forces

between the tapes and the film. The presence of a shear stress along the

edge of the tape is essential if the force in the tape is to be permitted

to change. In addition , if the tape is to assume the same shape as the

film, the lobing in conjunction with a circumferential stress may be

considered to be a proper mechanism to produce this type of compatibility

of shape. It is interesting to note that if the design shape i s assumed

to be cirrect, neither the tape nor the film will satisfy the equilibrium

equations independent of circumferentla stress.

A new formulation of the analysis problem has been developed which

Incorporates a number of features that should result in a realistic

state of stress. Laqrangian coordinates are routinely used in addition

• to “engineering” stress and strain. This effectively results in the

simpl ification that film thickness and deformed gore positions need not
0

V be considered durinq the solution process. The equilibrium equations

have been derived assuming the film to lobe in a plane containing

meridional radius of curvature to two adjacent load tapes. In addition ,

— 11—
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I
the load transfer mechanisms described in the preceeding paragraph have

been included in the model .

A variety of solution schemes were attempted on the resulting

boundary value problem since numerical instabilities were quite prevalent. 
V

However, a solution technique known as “direct iteration” proved to be

success ful when used with a “relaxa tion” technique. In this technique,

a starting solution is required for all variables and then the corrections

to the assumed solution are obtained from the model . Only a portion of

the full correction is used to update the solution and the procedure is

then repeated until the corrections reach an acceptably low value.

This new formulation was applied to a typical heavy load balloon

design which is of interest to a variety of organizations. The results

of this analysis are described In detail in Scientific Report No. 1

V (Appendix B). However, the results may be suninarized as follows:

a. Both meridional and circumferential stress distributions
V in the capped regions of the balloon cons idered are

significantly different than those reported by
Alexander (3).

b. The maximum circumferential stress in this balloon occurs
at the edge of the cap and is of the same order of
magnitude as the meridional stress.

c. The stress level s increase as the balloon is pulled to
lower al titudes by increasing the payload.

The equilibrium model has been progranined in such a way as to permit

the load tapes to unload completely. This will occur if sufficient
V circumferential stress is developed to create a Poisson effect in the

meridional direction. Under these conditions , the total meridional load

must be carried by the film and the tapes are assumed to be slack. This

condition has apparently been observed by several persons experienced

-12-
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in balloon operations.

An essential element in predicting details of this nature Is the

accurate description of the stress-strain behavior operative at the

V time. In this analysis the material was assumed to be linearly elastic

and orthotropic characterized by the equations:

£m = D m am + D a  [1]

cc = D CT + D a  [2]

The results to date were obtained by assuming that the material

was incompressible isotropic , and the material constants were uniquely

determined from the temperature. It should be expected that significant

departures from the sample results will occur if the material properties

are assumed to be functions of strain rate and temperature histories.

Fi lm Characterization

In order to properly charcterize thin films of interest, a ser ies

of well controlled uniaxial tests were run at a variety of constant

temperatures and strain rates. Winzen Research Inc. provided lots of

their material , Stratofilm R in thicknesses of .5, .7, and 1 m u .

These fi~ms were then tested in two directions at four rates of strain

from .2 to 200 inches/inch/minute. Each of these were tested at

temperatures of -80°C, -23°C, +23°C, and +38°C. Five spec imens, one inch by ten

inches in length were pulled to obtain load-deformation characteristics

in the elastic and early plastic region for each rate and temperature.

The resulting data were reduced to stress-strain data characteristic

of each film thickness and direction .

Another useful test which may be helpful in the characterization of

viscoelastic materials is the creep - creep recovery test. In this

-13-
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procedure the speciman is held under a state of uniaxial stress and the

deformation measured as a function of time. Tests of this type may

take weeks to perform but yield compliance data suitabl e for mathematical

model ing. At some prescribed time, the stress is removed and the

deformation again measured as a function of time. This recovery data is
V 

also useful in developing the mathematical model . Creep - creep

V 

recovery tests were performed on Statofi lm at stress levels of 500 and V

1000 psi and at temperatures of -23°C, +23°C, and 38°C. These were the

temperatures of the environmental rooms available for testing .

An attempt was then made to develop a mathematical model which

V would allow the uniaxial performance of this film to be predicted at a

variety of rates and temperatures. It was quickly determined that there

was no statistical difference between machine direction data and transverse

direction data. In addition it was difficult to discern any difference

in the various thicknesses of film used in the testing program. Finally,

it was determined that the normally acceptabl e viscoelastic shift

procedures did not apply to this material. It is postulated that signi-

ficant crystallinity exists in this material and thus precludes the use

of standard techniques .

Therefore, an empirical shift factor was developed to give a reduced

relaxation modulus curve that would at least fit the results of both

creep tests and constant rate tests. This relationship may be expressed

V in the following form if the reference temperature of 0°C is selected:

log a1 
= -0.1161 + 2.668 (3]

where a1 is in minutes. The modulus at any time or temperature may then

be expressed in the form:

E( t) = E1 (t/a1)
n (4]

- -14-
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The Stratofilm data was found to be represented by E1 
= 20,000 psi and

n = -0.1. The results of this study have been documented In Scientific

Report No. 2 (Appendix B). One conclusion obtained in this study Is the

possibility that constant rate data may be a more sensitive measure of

the material properties and permit a better representation than creep

data would yield. This is due to the fact that large deviations in strain

will cause only modest changes in properties obtained from logaritlinic

plots of this data . At the same time, use of small stra in, high rate

data to predict long term creep behavior may be somewhat presumptuous.

An examination of the limits of the constant rate data presented in

Scientific Report No. 2 indicates that it cannot be represented by the

simple power law as proposed.

Laboratory Testing

The experimental investigation of thin films is a unique challenge

to laboratory ingenuity. Al though some con.uonly accepted test techniques

such as the uniax ial , constant rate, test may provide valuabl e information ,

other techniques have had to be devised to produce results with

accepta ’-~le accuracy . The measurement of film thickness may be a formid-

able problem if sufficient care in not taken in the area of cleanliness

and calibration of the instruments used. In addition , the variability

obtained in multipl e tests has dictated the need for many tests to be

performed to obtain even average data. It is coninon practice to perform

a minimum of five identical tests before a repeatable results is obtained.

As a result a number of new testing techniques have been developed. These

will be briefly described here and are thoroughly described In Scientific

Report No. 2.

-15—
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Due to the large number of tests required and the time necessary

to reduce the raw data into a form useful for engineering purposes, the

need for a computerized data acquisition and data reduction capability

was recognized. The concurrent availability and economy of microprocessors

provided the solution. The laboratory was equipped with a microprocessor,

with sufficient memory and storage capability to obtain reduced, average,

stress-strain-time figures from any of the testing devices including

the uniaxial testing machine , the 10 inch diaphragm tester and

the racetrack testing device.

The racetrack testing procedure was developed many years ago to

produce a biaxial state of stress and material failure independent of

gripping conditions. However, due to the large number of tests needed

to guarantee repeatability , especially at low temperatures, the old

testing procedure was considered too slow. In order to clamp the

spec iman, reduce the chamber temperature to a uniform value , prevent

ice formation , and pressurize the system to failure , one hour was required .

A new facility was designed and fabricated which permits the race-

track speciman to be cooled, clamped , tested and data reduced and plotted

in less than five minutes. In essence, the system involves the insertion

of the speciman in a low thermal mass grip into a precooled chamber.

The grip is then pneumatically clamped into place after the speciman

V cools. The microprocessor is then used to control the pressurization-

rate, acquire and store the raw data . After sufficient tests have beei

performed, the computer then reduces the data, eliminates bad data points,

and produces the average stress-strain characteristics of the material .

V In order to test film and tape samples with a predetermined strain

V 
field , a special test apparatus was designed and fabricated . The

-16-
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H

cruciform tester Is a device which may be attached to a standard Instron

machine. The scissors like motion of the links which hold the speciman

allows the material to be subjected to a known biaxial strain rate .

— • Heat seals have been successfully tested with this device which has

demonstrated the strength of such a tape-film joint.

A variety of special tests were performed demonstrating the

practicality of some of the results of the materials research program.

In part icular :

1. A proposed material for use in a tethered balloon , DV8O8D-ll,

was tested to determine its uniaxial stress-strain behavior,

- tear strength, and gas permeability .

- 2. The question of path dependency was demonstrated to be a

- 
proper concern for polyethylene by means of two tests in which

the temperature-stress histories were revised . 
V

I 
3. Fi lm from a polyethylene balloon (stored for twenty two years)

I was tested to determine if there were detrimental aging effects.

V The data showed no such effects and the balloon appeared suitable

I for flight . V

Further Investigations

Much progress has been made in the areas of Balloon stress analysis ,

materials testing and characterization. However, a variety of areas have

now been identified as potentially critical and a beginning has been

made to develop the tools necessary to attack these problem areas.

The ability to analyze the state of stress in the off-design
- 

0 configuration should be expanded to consider the entire flight environment.

Since path dependency has been demonstrated to influence the behavior

— 17—
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of polyethylene films , it would seem obvious that this would be the

primary area of concern in the future.

The state of stress from launch, during ascent through the

tropopause, to the final float configuration should identify the critical

design conditions. Due to the relatively poor performance of “heavy”

load balloons , it would appear that a concentrated effort in this area

V 
is warranted. At the present time, the analys is program assumes the

f i l m  may be characterized by a linearly, elastic orthotropic material .

Al though this is a biaxial characterization , it is not time dependent.

Therefore, a time-temperature-biaxial stress characterization of thin

films would be an essential element in any further successful analysis

attempt.

0
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APPENDIX C

Diaphragm Analysis

The purpose of this study was to evaluate the capability of this testing
procedure to produce meaningful data which could subsequently be used in the
characterization of polyethylene balloon films. It is hoped that this study
will contribute to an improved understanding of that state of stress in balloon• films and assist in the development of a biaxial failure criteria which is in
agreement with both laboratory results and flight experience.

Circular diaphragm testers have been used for many years to create a
biaxial state of stress in balloon films. When a pressure differential is
applied to the film the initially flat diaphragm forms a bubble which appears
to be spherical. It has been comson practice to assume this deformed shape to
have a radius of curvature which may be calculated by simply measuring the
bubble height, h0, and assuming a spherical shape. The radius of curvature is
then given by the relation:

h x 2
0 0R

0

where x is the radius of the circular clamp.
The bia~ial stresses in the film are then assumed equal and given by the
relation:

The meridional extension ratio (or strain) may also be computed from the radius
of curvature as: -

V

x
A ” sia ’1 ( — ~~ )

This test las been used in several laboratories with a variety of results.
Hauser has ~.sed this test to obtain biaxial material properties. He noted that
in several cases the bubble was not spherical and developed several techniques
to measure the radius of curvature near the center. Electrical devices and

V 
- templates were used but this only led to suspicion of the test itself. Alexander H

noted that the clamp causes the circumferential strain at the boundary to be
zero which prevents the biaxial stresses from being balanced . He then developed
the racetrack test which supposedly causes a known stress state at leas t in the
center of the fixture. Webb has used the circular diaphragm and racetrack testers
to “completely characterize” several balloon films. In addition the tester is

• used for comparative studies of different films. The results to date have been
inconsisten t with unia xial dat a.

• The deformation of a circular membrane under constant pressu re is a classic
proble m which has attracted internationa l interes t for many years . The problem
is quit. challenging since the deformation s are large (compared to the thickness) V

which makes the governing equations non—linea r and the material properties in
V their simples t form are non—linearly elastic (not to mention the visco—plastic

nature of the material) . The following is a partial list of the material that

I ______________ 
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1) Flint, C.?. and Naunton, W.J.S.; Institution of Rubber Industries,
Transactions; Vol. 12, p. 59, (1937).

2) Treloar, L.R.G.; Transactions of the Faraday Society; Vol. 40,
p. 59, (1944).

3) Treloar, L.R.G.; Institution of Rubber Industries, Transactions;
Vol. 19, p. 201, (1944).

4) Adkins, J.E. and Rivlin, R.S.; Philosophical Transactions of the
Royal Society, London, Series A, Vol. 244, p. 505 , (1952).

5) Levinson, M.; Journal of Applied Mechanics, Vol. 32; Transactions
of the ASME, Vol. 87, Series E, p. 656, (1965).

6) Hart—Smith, L.J. and Crisp, J.D.L.; International Journal of
Engineering Science, Vol. 5, P. 1, (1967).

7) Yang, W.H. and Feng, W.W.; Journal of Applied Mechanics, Vol. 37,
Transactions of the ASNE, Vol. 92, Series E p. 1002, (1970).

8) Clockner, P.C. and Vishwanath, T.; International Journal of
Non—Linear Mechanics; Vol. 7, p. 361, (1972).

9) Tielking, J. T. and Feng, W.W.; Journal of Applied Mechanics,
Vol. 96, Series E, p. 491, (1974).

Without going into detail, the Ritz energy minimization technique was
selected as the most straight forward and powerful in that it contains the
ability to solve different geometric boundary conditions by changing the
assumed position functions. The details of this technique are contained in an
excellent article by Tielking and only the essential details of that formulation
will be presented here. The film is assumed to be incompressible in the thick-
ness direction, as well as homogeneous and isotropic. The stress—strain behavior
of the material is assumed to be given by the Mooney—Rivlin energy density
function, U, given by the relation:

U — c1[(11—3) + x(12—3)]

The functions, Ii and 12, are the first and second strain invariants expressed
in terms of the extension ratios, 

~ 
and A2, as:

— A
l
a + A2

2 + A 1
2A2

2

I2 A 1 A2 ~~~~~~~~~ V

The stress resultants in the two directions , T 1 and T2, are given by:

au aT, — h ~~~ and ~~~~~~~~ V
I V

where h is th. initial film thickness . The method consists of expressing the
f inal position of the film in ter ms of a Fourier series with unknown coefficients .
If the series were taken to the limit, an exact solution would result but t rim—
cation can be accomplished without introducing a significant error . In thi s
case the final position is expressed as:
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8
x(r) — r +  E A sin nirrn.i n

8
y(r) — n~i 

Bn cos(n—½)nr

Here r is the original position of a point on the diaphragm while x and y are
the final radial and height positions of the point. The total potential, 11,
is defined in terms of the potential due to internal forces (or strain energy)
and the potential due to external forces (or the negative of the work done by
the pressure in causing the deformation). This may be expressed as:

u~ c U d v - W
v6i.

where R
• w~~~rp~~~x2 dy .k lr P çx 2Y’dr

0

Since the extension ratios may be expressed in terms of x, y and their deriva-
tives then the total potential may be expressed entirely in terms of the un-
known coefficients, A~ and B~. The correct final position is obtained by
minimizing the total potential with respect to the unknown coefficient. There-
fore, 16 independent equations are formed by setting the variation of fl equal
to zero:

-

~~~~~ 

— 0 n—i, 2 .. ., 8

~~n 
— 0 n—i , 2 .. ., 8

These equations are then solved simultaneously for the 16 unknown coefficients.
This then defines the final position of each point on the diaphrag m as well as
the stresses and strains at each point.

In order to characterize polyethylene film in terms of the Mooney—Rivlin
energy denstty function it is necessary to understand the influence of the
material constants C 1 and a on the stress strain behavior of the material. By
taking the necessa ry derivatives it may be shown that the two stresses are
given by:

— 2C1(A 1 
— 

A 3A 2)(1 + ciA2
2)

0
2 

— 2C1
(A
2 

- 
A2~X 1

2~~’ 
+ ciA1

2)

In the course of a uniaxial tensile test, 0
2

0, and

:~ 
— 2C

1
(i  — . ) ( A  + ci)

The slops of the stress strain curve at zero stress is given by Young’.
modulus , E , and is given by da /dA 1 evaluated at A 1 — 1. Therefore:
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1
(i+a )— E

1

In order for the stress strain response to have this essential property then:

V 

• E 1 
( A + a)

— (1 — r?-~ (1+ a)
This equation is shown in the attached figure. Although the response is highly
non—linear for large strains, the region near the origin is reasonably linear
and independent of the material constant a. Therefore, when only small strains
are involved it is assumed that a 0  and C1.E/6. This is called a Neo—Hookean
representation and should be reasonably accurate.

Young’s modulus for polyethylene balloon film has been reported by
Alexander as a function of temperature. Values were selected at a variety of
temperatures of interest and are presented in the accompanying table.

T(°C) 40 20 0 —20 —40 —60

E(psi) 10,000 18,000 30,000 74,000 165,000 267,000

C1(psi) 1,667 3,000 5,000 12,333 27,500 44,500

The solution technique that has been briefly described above has been
applied to a variety of problems to investigate the effects of diaphragm
radius, pressure, thickness and material properties. In addition to yielding
information on the response of a diaphragm, several interesting fea tures of the
technique itself were observed.

Effects of Diaphragm Radius - The Texas A&M University Mechanics and
Materials Laboratory utilizes a five inch radius diaphragm tester. Therefore,
all results reported here will be based on a five inch diaphragm with this one
exception. Due to the non—linear nature of the problem the response of a unit
radius diaphragm was computed for compari son pur poses . The material was assumed
to be one mu Stratoflim at room temperature, i.e. C1—3000 psi; and t— .00i inch.
The pressure was assumed to be 0.1 psi in both cases. A sample of the computer
output for the five inch radius is given in the accompanying table. The computed
shapes of these two diaphragms are presented in the attached figure. In both
cases the shape has been normalized with respect to the diaphragm radius. It
should be noted that the shape and therefore the stresses and strains cannot
be scaled directly from the results for a unit radius diaphragm under the same

• conditions but must include some function of pressure.

The stress distributions in the five inch diaphragm is presented in the
next figure . These distributions are typical of that to be expected in this
type of test. It should be noted that the meridional stress is equal to the
circumferential stress only at the center of the film. This stress is signif i—
cantly greater than that predicted by assumi ng a spherical shape. The effect
of the restrained boundary is apparent due to the decrease in stress as the
boundary is approached . In 3ddition the difference in the meridional and
circumferential stresses indicated the pressenca of a significant shear stress
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near the boundary . Physically these results may be interpreted to mean that
the bubble, although “appearing” spherical, has a reduced curvature near the
bounda ry and an increased curvature near the center of the diaphragm.

The small oscillation which appears in the stress distributions is some-
what disconcerting and is a result of the numerical method. The truncation
of each of the position function series at eight terms can be shown to cause
this feature of the solution. It gives the appearance that the maximum stress
occurs slightly off center which is not the case. It is caused by the fact
that the sine function is an odd function which must always increase in value
from the origin. If the oscillation is averaged out, the maximum stress will
occur at the origin and is approximately equal to the stress value at N—5.
The problem was solved with a six term series which gave essentially the same
results; however, the magnitude of the oscillation was increased and the number
of cycles was reduced from four to three. Therefore, all additional cases were
solved utilizing the eight term position functions previously mentioned.

As a final observation, it should be noted that the stress predicted using
the spherical assumption must be increased 12.5Z in order to predict the max-
imum computed stress. However, the extension ratio predicted by the spherical
assumption is 1.023 which is sufficiently accurate to use without correction.

Effects of Pressure — The diaphragm problem was solved for applied
pressures from .05 psi to .5 psi. Both the bubble height and maximum stress
are shown as a function of pressure in the attached figure. In addition the
stress predicted by assuming a spherical shape is also shown. As would be
expected the bubble height increases as well as the difference between the
computed stress and the assumed stress .

Effects of Thickness and Modulus — In the formulation of this solution,
only stress resultants are used instead of the stress itself. Because of this ,
the material property , C1, is never used alone but always used in conjunction
with the original thickness. The result of this is the observation that the
effects of changes in either thickness or modulus are identical. Therefore,
a number of solutions were developed for the same thickness, one mu , while the
modulus was varied over the complete temperature range from —60°C to 40°C.
At each of ..te temperatures, the pressure was varied from 0.1 psi to 0.5 psi.
All of the results were qualitatively similar to those already reported. How-
ever, in computing the amount of correction that should be applied to the assumed
stress to obtain the computed stress it was noted that for a given bubble height,
the same correction should be applied. The correction factor is shown in the
attached figure for each of these cases as a function of bubble height. Since
this correction appears to be independent of pressure, temperature, thickness
and modulus, it would suggest that valid biaxial data may be obta inable from
this test if corrected as a function of bubble height. The amount of correction

• which should be applied may be approximated as:

K — 1.0982 + .0322h 0
2 .5~h0~2.5

It should be noted that h0 is expressed in inches and this correction is valid
only for a five inch radius diaphragm of homogeneous, isotropic material. In
all cases the extension computed at the center of the diaphragm is within one
percent of that computed assuming a spherical shape. The strain (cA — 1) is
accurate to within six perceat in all cases.
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Conclusions - The non—linear deformation of a five inch circular diaphrag m
has been analyzed by the Ritz minimization method assuming that the material

V may be characterized as Neo—Hookean in the elastic region . It has been found
that :

a. the shape is not spherical;
b . a balanced biaxial stress exists only at the center ;
c. this stress may be found by applying a correction factor, K,

which is a function of only bubble height;
d. the strain and extension ratio’s are reasonably accurate

assuming a spherical shape; and
e. biaxial modulus data on balloon films may be obtainable from

the measurement of pressure and bubble height.

Since the Mooney—Rivlin energy density formulation does not adequately
characterize poly~~hylene films with large (beyond yield) deformations, ananalysis at high pressures would not be of significance even though it could
be accomplished. Therefore, no comment on the state of stress near failure

V can be made. However, it is apparent that the state of stress is quite corn—
plicated and without correction for non—linearities the results of such a test
are probably meaningless.

:
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